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1 Introduction
The general area of quantum eld theory in curved spacetime is now well established.
(Several reviews emphasizing various aspects are [1{6] and earlier inuential treatments
include [7, 8].) One model that has not been analyzed in the same depth as say the
interacting scalar eld or Yang-Mills theory in curved spacetime is that of a scalar eld
interacting with a Dirac spinor through a Yukawa interaction. There is some previous work
that we will mention briey.
The renormalization group behaviour of various grand unied models in curved space-
time, which incorporate Yukawa interactions, was considered in [9]. It was rst noted here
that the non-minimal coupling between the scalar eld and the curvature (that we will
generically refer to as R'2) only involves the non-minimal parameter in the combination
(   1=6) in the associated renormalization group function.
A number of papers [10{16] study special cases of the theory that we will consider
here. Some of these special cases include massless scalars or spinors, constant background
curvature, or constant background scalar elds. The Yukawa interaction is chosen to be
of the scalar, as opposed to the pseudoscalar (involving 5), type. (See (2.2b) below for
details.) In the case of massless fermions this choice makes no dierence as we will discuss
in section 6. Eective potentials that include terms linear in the curvature are calculated in
some cases as are renormalization group improved eective potentials. Some work includes
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contributions from R2 gravity as well. More recent work [17{19] has studied the role of the
eective potential in a sector of the standard model.
There is also a body or work [20{23] on calculations in de Sitter spacetime that include
a Yukawa interaction between a scalar and a spinor. A general conformally at background
has also been explored [24]. One of the important consequences of this work is the gener-
ation of a mass term for a fermion eld that has no bare mass. The Yukawa interaction is
responsible for this.
Gravitational corrections to the Yukawa coupling has also been a very active area
of research recently. This has been done within the asymptotic safety program [25{29]
and also using more standard perturbative methods [30{34]. (See also the illuminating
discussion of [35].)
The purpose of the present paper is to present a complete analysis of the one-loop
eective action for a real scalar eld interacting with a Dirac spinor in a general curved
spacetime. We will allow both elds to be massive with the scalar eld non-minimally
coupled to the scalar curvature. We consider a general quartic potential for the scalar eld
and do not impose the '!  ' symmetry since this is broken by the Yukawa term if the
fermions are massive. We will allow both a scalar and pseudoscalar Yukawa interaction and
also consider both scalar and pseudoscalar mass terms for the spinor (see (2.2b) below)
for reasons that will be discussed later. We do not assume that the background scalar
eld is constant or that the spacetime has a constant curvature. The complete one-loop
renormalization of the theory is considered and we calculate all of the renormalization group
functions. In the special case where the classical theory has no mass scales other than those
in the elds we calculate terms in the eective action up to order R2. Field redenitions
that can transform away the pseudoscalar mass term (or alternatively the pseudoscalar
Yukawa coupling) are considered in section 6 and a resulting anomaly in the eective
action is calculated. An appendix gives a very brief discussion of the renormalization
group solutions for the Yukawa and quartic scalar eld coupling constants.
2 The Yukawa model in curved spacetime
We will consider a real scalar eld (x) coupled to a Dirac spinor 	(x) and allow the
possibility of both a scalar and a pseudoscalar Yukawa coupling. The spacetime dimension
will be exclusively four and we will adopt dimensional regularization [36]. All of our
conventions for curvature and spinors will follow those in Parker and Toms [6]. We will use
the vierbein formalism to relate the Dirac matrices to a local orthonormal frame with a
Minkowski metric so that the usual Dirac algebra can be applied as in, for example, Bjorken
and Drell [37]. The bare action will be taken to be (with the subscript `B' signifying a
bare quantity)
S = Sscalar + Sspinor + Sgrav; (2.1)
where
Sscalar =
Z
dvx

1
2
@B@B   1
2
m2s B 
2
B  
1
2
BR
2
B  
B
4!
4B
  1
3!
B 
3
B   B B   BRB

; (2.2a)
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Sspinor =
Z
dvx

	B(i
r  m0 B   im5 B5)	B   B 	B(wB + iw5 B5)	B

; (2.2b)
Sgrav =
Z
dvx

B + BR+ 1 BR
R + 2 BR
R + 3 BR
2

: (2.2c)
We use dvx to stand for the invariant spacetime volume element: dvx = j det g(x)j1=2dnx.
The rst line of Sscalar is the usual one for a real scalar eld with a general non-minimal
coupling to the spacetime curvature. The terms in the second line of Sscalar are necessary
for renormalizability in the case where the eld does not have the discrete Z2 symmetry
 !   as is the case here in general. This will be seen later in sections 3{5. (We use
the nomenclature of [6].) In Sspinor we include the usual mass term for the Dirac eld,
m0, as well as a pseudoscalar mass term m5. It is possible to remove the term in m5 by
a chiral transformation of the spinor eld; however we will not do this here. This will be
discussed in more detail in section 6 where it will be shown to lead to an anomaly in the
quantum theory. This anomaly does not aect the divergent part of the eective action or
counterterms and by keeping the action in the form of (2.2c) we will show this explicitly.
The covariant derivative r includes the usual spin connection for the Dirac eld. The
second term in Sspinor is the Yukawa coupling of the Dirac spinor to the scalar eld and we
allow for both a scalar coupling with coupling constant w as well as a pseudoscalar coupling
with coupling constant w5. Here 
 are the spacetime dependent Dirac matrices [6] dened
in terms of the usual Minkowski ones a by  = ea
a with ea
 the vierbein. (Latin letters
will denote orthonormal frame indices.) 5 is the usual expression [37] which is Hermitian,
obeys 25 = I with I the identity matrix, and constant (since it is dened in terms of the
local orthonormal frame -matrices). The factors of i in (2.2b) ensure that the action is
real. The gravitational part of the action, Sgrav, is required to deal with the vacuum part
of the eective action in the usual way [2, 6].
We will adopt DeWitt's [7] background eld method and compute the eective action.
We are primarily interested in the renormalization so we will be concerned just with the pole
parts of the eective action and we will only work at one-loop order. The full discussion of
the renormalization counterterms and the relationship between the bare and renormalized
quantities in the theory will be deferred until section 5. To one-loop order to compute the
one-loop part of the eective action we can take all expressions to be renormalized ones
and these are indicated without the `B' subscript appended. We will initially concentrate
just on the scalar sector of the theory by allowing only the background scalar eld to be
non-zero. The case of a background Dirac eld will be deferred until section 4.2. If we
let '(x) be the background scalar eld then a functional evaluation of the eective action
results in the formal expression
 1-loop =
i
2
ln det

+m2s + R+

2
'2 + '

  i ln det (ir= M0   iM55) ; (2.3)
where we have dened
M0 = m0 + w'; (2.4a)
M5 = m5 + w5': (2.4b)
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We do not treat the background eld as constant here. This is important if we are to
calculate any eld renormalization factors. The rst term in (2.3) arises from the functional
integral over the scalar eld and the second one from the integration over the Dirac eld
using the usual denitions for Grassmann variables. The usual i prescription to ensure
Feynman boundary conditions is understood.
We will present two dierent methods for evaluating the pole part of (2.3). The
simplest and most elegant method consists of using the heat kernel method [3, 6, 7, 38{40]
and we will describe this in the next section. As an alternative approach, and as a check on
the heat kernel calculation, we will consider the use of the local momentum space method
pioneered by Bunch and Parker [41] in section 4. This method is closer to the types of
calculation more familiar in at spacetime quantum eld theory.
3 Heat kernel method
We will use the heat kernel method in this section along with dimensional regularization
to compute the pole part of the one-loop eective action. For any operator of the form
D2 +Q, where D represents any type of covariant derivative and Q is matrix-valued but
not necessarily constant, we have [6]
PP

i
2
ln det(D2 +Q)

=   1
162
Z
dvx tr(E2); (3.1)
where we use PPf   g to denote the pole part of any expression and E2 is a heat kernel
coecient. If we ignore terms that are total derivatives,
E2 =

1
72
R2   1
180
RR +
1
180
RR

I
+
1
12
WW +
1
2
Q2   1
6
RQ; (3.2)
where W is the curvature of the covariant derivative D dened by
W = [D; D ]: (3.3)
The most general derivation of E2 was given by Gilkey [42, 43] but earlier derivations
in some cases were given by DeWitt [7]. References [3, 6, 38{40] contain more details
and history.
The rst term of (2.3) that represents the functional integral over the scalar eld is
easily dealt with by rst noting that for scalar elds D = r and W = 0 and second
that we can read o Q to be
Q = m2s + R+

2
'2 + ': (3.4)
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We then nd that
PP

i
2
ln det

+m2s + R+

2
'2 + '

=   1
162
Z
dvx

1
2

   1
6
2
R2
  1
180
RR +
1
180
RR +
1
2
m4s +

   1
6

m2sR
+ 

   1
6

R'+
1
2
 
m2s + 
2

'2 +

2

   1
6

R'2
+ m2s'+
1
2
'3 +
1
8
2'4

: (3.5)
It is noteworthy that the dependence on the scalar curvature R involves  only in the
combination (   1=6) as proposed in [44]. This was later proven to all orders in the heat
kernel expansion [45]. The case where  = 0 was rst given by the method we have just
described in [46]. In the  = 0 case, meaning that the cubic interaction is absent from the
original action (2.2a), it can be seen that the pole terms that are odd in ' (that comprise
', R' and '3) all vanish and the result is symmetric under the Z2 reection symmetry.
The multicomponent scalar eld version can be found in [6].
The second term of (2.3) is not of the form (3.1) since the Dirac operator is rst order.
However it can be manipulated into a second order form where we will be able to use (3.1)
and (3.2). One way to do this is to introduce a factor of 25 = I in front of the Dirac
operator, and move one of the 5's through the Dirac operator using 5r= =  r=5. It then
follows that
ln det (ir= M0   iM55) = ln det ( ir= M0   iM55) : (3.6)
An equivalent way to deduce this is to note that in any spacetime of even dimension
the Dirac matrices  and their negatives   give equivalent representations of the Dirac
algebra + = 2gI. Thus for even spacetime dimensions no results should depend
on the sign of the Dirac matrices. (See [6] for a pedagogical treatment.) A third way is
to introduce the Dirac propagator and to dene it in terms of a new Green's function
that obeys a second order equation as done by DeWitt [7] for example. Regardless of the
reasoning that leads to (3.6) we can conclude that
ln det (ir= M0   iM55) = 1
2
ln det [( ir= M0   iM55) (ir= M0   iM55)] : (3.7)
The operator appearing on the right hand side of (3.7) is now second order and after a bit
more work we can apply the results of (3.1) and (3.2).
If we expand out the product of operators on the right hand side of (3.7) being careful
to note that neither M0 nor M5 dened in (2.4) are to be regarded as constant, and using
r=2 = + 14RI, we nd
( ir= M0   iM55) (ir= M0   iM55) =   2M55r=  i@M0 + 5@M5
+M20 I  M25 I + 2iM0M55 +
1
4
RI: (3.8)
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Because of the presence of the term in r= on the right hand side this is still not of the form
D2 + Q that we require; however it can be put into the required form by dening a new
covariant derivative by
D = r  M55: (3.9)
With this choice we nd
( ir= M0   iM55) (ir= M0   iM55) = D2 +Q; (3.10)
as required where
Q =

M20 + 3M
2
5 +
1
4
R

I + 2iM0M55   i@M0: (3.11)
Using (3.9) it can be shown that the curvature of the covariant derivative dened in (3.3)
is given by
W =  1
4
R
   @M55 + @M55  M25 [;  ]: (3.12)
It is now just a matter of algebra to show that
PP
n
i ln det (ir= M0   iM55)
o
=   1
162
Z
dvx
 1
72
R2   1
45
RR
   7
360
RR

+ 2(M20 +M
2
5 )
2 +
1
3
(M20 +M
2
5 )R  2@M0@M0   2@M5@M5

:
This result holds for any values of M0 and M5. If we now substitute in the particular
values given in (2.4) we nd
PP
n
  i ln det (ir= M0   iM55)
o
=
1
162
Z
dvx

1
72
R2   1
45
RR

  7
360
RR
 +
1
3
(m20 +m
2
5)R+
2
3
(wm0 + w5m5)R'
+
1
3
(w2 + w25)R'
2   2 (w2 + w25) @'@'+ 2 (m02 +m52)2
+ 8 (m0
2 +m5
2)(m0w +m5w5)'
+ 4

m0
2(3w2 + w5
2) + 4m0m5ww5 +m5
2(w2 + 3w5
2)

'2
+ 8 (wm0 + w5m5)(w
2 + w25)'
3 + 2 (w2 + w5
2)2 '4

: (3.13)
Combining (3.5) and (3.13) will give us the pole part of the one-loop part of the eective
action dened by (2.3). Even if we take  = 0 so that the scalar eld part of the action
in (2.2a) is Z2 invariant this invariance will be broken by the Yukawa term in general and
pole terms odd in ' will result in general. The exception to this is when we take w = 0 and
m5 = 0 in the Dirac action (2.2b). In this case the theory is symmetric under the parity
transformation [47] 	(t;x)! 0	(t; x) and (t;x)!  (t; x).
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4 Local momentum space method
In this section we will derive the pole part of the one-loop eective action that involves the
interacting terms of the Lagrangian using a dierent method that is more closely related
to the use of traditional Feynman diagrams. (Of course the usual perturbative expansion
using Feynman diagrams could also be used.) The vacuum part of the pole part of the
eective action, the terms in (3.5) and (3.13) that do not depend on the background scalar
eld ', are the same as those for the free theory so are well known. (See [2] or [6] and
references therein for example.) Similarly, the scalar eld results in (3.13) agree with [6].
For this reason we will concentrate on terms that depend only on the background scalar eld
that arise from the Dirac part of the eective action found in the second term of (2.3) in
section 4.1 and for terms that depend on the background Dirac eld in section 4.2. It would
be possible to deal with both the scalar eld and the spinor eld as a multicomponent eld
with an associated multicomponent Green function in a similar manner to the gravity-QED
calculation of [48, 49] but we will not do this here for simplicity.
The most eective way to deal with the curved spacetime aspect of the calculation is to
use the local momentum space approach initiated by Bunch and Parker [41]. This has the
advantage of looking like the calculation that would be done in at Minkowski spacetime
with the exception that the propagators, or Green's functions, are more complicated. A
review and applications of the method may be found in [6]. Another advantage is that
we can deal directly with the usual rst order form for the Dirac operator without the
necessity of the manipulations that lead to (3.10).
4.1 Scalar sector
We begin with the second term of (2.3),
 D =  i ln det (ir= m0   im55   w'  iw5'5) : (4.1)
We have used M0 and M5 as given in (2.4). For brevity let
m = m0 + im55: (4.2)
Dene the Dirac eld Green's function S(x; x0) by
(ir= m )S(x; x0) =  I(x; x0): (4.3)
A simple manipulation of (4.1) shows that
 D =  i ln det(ir= m )  iTr ln(I +X); (4.4)
where
X(x; x0) = S(x; x0)(w + iw55)'(x0): (4.5)
We use Tr to denote the functional trace of the enclosed expression and reserve tr for the
Dirac trace. For example, TrX =
R
dvx trX(x; x).
All of the dependence on the background scalar eld ' is contained in X and is solely
in the second term of (4.4). The rst term of (4.4) contains just the vacuum part of (3.13)
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and we will not evaluate this again. We can expand the second term of (4.4) in powers
of X:
 D 2 =  iTr ln(I +X)
= i
1X
n=1
( 1)n
n
Tr(Xn): (4.6)
Because we are just concerned with the pole terms only the rst four terms in the sum need
to be considered. This can be seen by simple power counting because we are only working
at one-loop order. The leading part of the Dirac Green's function will be that found in
at spacetime. (As we will show below the curvature corrections to the at spacetime
contribution are more convergent.) The momentum space dependence of S(x; x0) will be
inverse momentum just as in at spacetime so once we have an expression with more than
four factors of S(x; x0) the momentum space integrations will not contain any poles. It
therefore follows that
PP
n
 D 2
o
= PP
n
 
(1)
D 2 +  
(2)
D 2 +  
(3)
D 2 +  
(4)
D 2
o
; (4.7)
where
 
(1)
D 2 =  iTr(X); (4.8a)
 
(2)
D 2 =
i
2
Tr(X2); (4.8b)
 
(3)
D 2 =  
i
3
Tr(X3); (4.8c)
 
(4)
D 2 =
i
4
Tr(X4): (4.8d)
We will now obtain the leading terms in the local momentum space expansion for the
Dirac Green's function dened in (4.3). The case where m5 = 0 was done in the original
calculation by Bunch and Parker [41].
Begin by choosing the origin of Riemann normal coordinates to be x0 and set x =
x0 + y. The dierential operator ir=  m that denes the Green's function in (4.3) is
then expanded in powers of y. We need to use [6] r = @ + 14!abab where
!
a
b =  eb@ea +  ebea (4.9)
is the spin connection. The rst terms in the Riemann normal coordinate expansion of the
metric, vierbein, and Christoel connection are
g(x) =  +
1
3
Ry
y +    ; (4.10)
ea(x) = e
a
(x
0)

 +
1
6
Ry
y +   

; (4.11)
 (x) =
1
3
(R +R

)y
 +    : (4.12)
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The Riemann tensor appearing in (4.10){(4.12) is evaluated at the origin of Riemann nor-
mal coordinates. When these expansions are used in (4.9) we nd that the spin connection
has the expansion
!
a
b(x) =
1
2
ea(x
0)eb(x0)Ry +    : (4.13)
For the spacetime dependent Dirac matrices we use (x) = e
a
(x)a along with (4.10)
and (4.11) to nd
(x) = 0

  
1
6
Ry
y +   

; (4.14)
where we shorten (x0) to just 0. Because the metric tensor at x0 is just the Minkowski
metric, 0 are just the usual at spacetime Dirac matrices. A short calculation using the
expansions just described results in
r= = 0@   1
6
Ry
y0@ +
1
4
Ry
0 +    : (4.15)
We now expand the Dirac eld Green's function about the origin of Riemann normal
coordinates as
S(x; x0) =
Z
dnp
(2)n
eipy
 
S0(p) + S1(p;x
0) +     ; (4.16)
where S0 is the at spacetime expression, with S1 and higher order terms corrections to
the at spacetime result due to spacetime curvature. We will choose S1 to be linear in
the curvature. The next terms would involve derivatives of the curvature and higher order
curvature expressions that we will not need here. After some calculation using (4.3) along
with the expansions (4.15) and (4.16) it can be shown that (p= = 0p here)
S0(p) = (p=+m )
 1
=
p=  em 
p2  m20  m25
; (4.17)
where em = m0   im55; (4.18)
and that
S1(p;x
0) =  1
6
RS0(p)
0 @2
@p@p
[pS0(p)]  1
4
RS0(p)
0 @
@p
S0(p)
=
1
3
Rp
p(p=  em )00(p2  m20  m25) 3
  1
12
R(p=  em )(p2  m20  m25) 2
+
1
2
Rp
(p=  em )0(p=  em )(p2  m20  m25) 3: (4.19)
It can be observed that for large p the at spacetime Green function behaves like p 1
as usual, whereas the next order term S1 behaves like p
 3. Higher order terms in the
expansion (4.16) fall o even faster at large p and cannot lead to pole terms in dimensional
regularization for the terms that we are considering.
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If we return to (4.8a) we have
 
(1)
D 2 =  iTr(X);
=
Z
dvx '(x) tr[S(x; x)(w + iw55)]: (4.20)
We can use (4.16) to nd the pole part of this result:
PP
n
S(x; x)
o
= PP
Z
dnp
(2)n
[S0(p) + S1(p;x)]

: (4.21)
Terms which are odd in p will integrate to zero, and terms which contain an odd number of
-matrices will have a vanishing trace when this expression is substituted back into (4.20).
This reduces the number of terms that need to be retained considerably. (Note that
although the next order term in the expansion (4.16) behaves like p 4 by power counting,
it vanishes due to odd powers of momentum or else odd numbers of -matrices when used
in (4.21).) After some calculation it can be shown that
PP
n
tr[S(x; x)(w + iw55)]
o
=
i
22
(wm0 + w5m5)(m
2
0 +m
2
5) +
i
242
(wm0 + w5m5)R:
(4.22)
The rst term on the right hand side arises from S0 and is just the result that would be
found in at spacetime; the second term comes from S1. In obtaining this we have used
the standard integrals of dimensional regularization [36]. Because we are only interested
in the pole terms it is just as simple to expand the integrands in powers of p and keep only
the terms that behave like p 4 and use
PP
Z
dnp
(2)n
1
p4

=   i
82
; (4.23a)
PP
Z
dnp
(2)n
pp
p6

=   i
322
 : (4.23b)
We then nd that
PP
n
 
(1)
D 2
o
=
(wm0 + w5m5)
22
Z
dvx '(x)

m20 +m
2
5 +
1
12
R

: (4.24)
This result agrees with the corresponding terms in (3.13) that are linear in '.
Turning next to (4.8b) we have
 
(2)
D 2 =
i
2
Z
dvx dvx0 '(x)'(x
0)2(x; x0); (4.25)
where
2(x; x
0) = tr[S(x; x0)(w + iw55)S(x0; x)(w + iw55)]: (4.26)
If we denote the Fourier transform of S(x; x0) by S(p;x0) where S(p;x0) admits the expan-
sion given in (4.16) we can write
2(x; x
0) =
Z
dnp
(2)n
eipy

2(p;x
0); (4.27)
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where
2(p;x
0) =
Z
dnq
(2)n
tr[S(p+ q;x0)(w + iw55)S(q;x0)(w + iw55)]: (4.28)
Using the asymptotic expansion in (4.16) and keeping only those terms that can lead to
poles in dimensional regularization leads to
PP
n
2(p;x
0)
o
= PP
Z
dnq
(2)n

tr[S0(p+ q)(w + iw55)S0(q)(w + iw55)]
+ 2 tr[S0(p+ q)(w + iw55)S1(q;x
0)(w + iw55)]
	
: (4.29)
We now use (4.17) and (4.19) along with (4.23) to nd after some calculation
PP
n
2(p;x
0)
o
=
i
82
(w2 + w25)p
2   i
22
h
(3w2 + w25)m
2
0 + (w
2 + 3w25)m
2
5
+ 4ww5m0m5
i
+
i
242
(w2 + w25)R: (4.30)
The rst two terms are those that would be found in the at spacetime calculation. The
term in R arises solely from the second term in (4.29). Using (4.30) in (4.27) results in
PP
n
2(x; x
0)
o
=
n
  i
82
(w2 + w25)y  
i
22
h
(3w2 + w25)m
2
0 + (w
2 + 3w25)m
2
5
+ 4ww5m0m5
i
+
i
242
(w2 + w25)R
o
(y) (4.31)
as the normal coordinate expression. In returning to general coordinates we must use the
relation 
x +
1
3
R

(x; x0) = y (y): (4.32)
This result can be established in a similar manner to a related result in [6]. From (4.25)
after an integration by parts we nd
 
(2)
D 2 =
Z
dvx

  1
82
(w2 + w25)@'@
'+
1
42

(3w2 + w25)m
2
0 + (w
2 + 3w25)m
2
5
+ 4ww5m0m5

'2 +
1
482
(w2 + w25)R'
2

: (4.33)
This agrees with the terms in (3.13) that are quadratic in the background scalar eld.
From (4.8c) and (4.5) we have
 
(1)
D 3 =  
i
3
Z
dvxdvx0dvx00'(x)'(x
0)'(x00)3(x; x0; x00); (4.34)
where
3(x; x
0; x00) = tr[S(x; x0)(w + iw55)S(x0; x00)(w + iw55)S(x00; x)(w + iw55)]: (4.35)
Power counting shows that only the rst term, the at spacetime part, of (4.16) contributes
to the pole part of 3(x; x
0; x00). A short calculation leads to the result
PP
n
3(x; x
0; x00)
o
=
3i
22
(wm0 + w5m5)(w
2 + w25) (x; x
0)(x; x00): (4.36)
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When used back in (4.34) it is found that
PP
n
 
(1)
D 3
o
=
1
22
(wm0 + w5m5)(w
2 + w25)
Z
dvx'
3(x); (4.37)
a result that agrees with the cubic terms in ' found in (3.13).
Finally, from (4.8d) and (4.5) we have
 
(1)
D 4 =
i
4
Z
dvxdvx0dvx00dvx000'(x)'(x
0)'(x00)'(x000)4(x; x0; x00; x000); (4.38)
where
4(x; x
0; x00; x000) = tr[S(x; x0)(w + iw55)S(x0; x00)(w + iw55)
 S(x00; x000)(w + iw55)S(x000; x)(w + iw55)]: (4.39)
For the pole part of this expression we may take S0(p) = p==p
2 and it is simple to show that
PP
n
4(x; x
0; x00; x000)
o
=   i
22
(w2 + w25)
2 (x; x0)(x; x00)(x; x000): (4.40)
When used back in (4.38) this gives a result that agrees with the quartic terms in ' in (3.13).
We have therefore derived the pole terms found using the heat kernel method given
in (3.13) in a completely independent way by using the local momentum space approach.
An advantage of the local momentum space approach is that it makes the connection with
traditional Feynman diagrams more transparent; the diagrams are the same as those found
in at spacetime, only the propagators have some additional curvature dependent terms.
4.2 Yukawa coupling pole term
Up to now we have set the background Dirac eld to zero. We will now determine the
pole part of the terms in the eective action that depend on the background spinor eld.
This will enable the determination of the eld renormalization for the Dirac eld, the
renormalization of the mass term, and the renormalization of the Yukawa coupling.
Set
	 =  q +  ; (4.41a)
 = 'q + '; (4.41b)
where  q and 'q are the quantum elds that are integrated over in the functional integral
and  and ' are the background elds. The terms in the classical action (2.1) and (2.2) that
are quadratic in the quantum elds and so contribute to the one-loop eective action are
Squad =
Z
dvx

 q (ir= M) q   Js'q + 'q

  m2s   R 

2
'2   '

'q

; (4.42)
where
M = m0 + im55 + '(w + iw55); (4.43)
Js =  q(w + iw55) +  (w + iw55) q: (4.44)
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The one-loop eective action is given by the functional integral
ei 
(1)
=
Z
[d'q][d q] e
i Squad : (4.45)
We will perform the functional integration over the scalar eld 'q rst to obtain
ei 
(1)
=
Z
[d q] e
i
2
JsGJs+i
R
dvx  q(ir= M) q ; (4.46)
where we have abbreviated
JsGJs =
Z
dvx
Z
dvx0 Js(x)G(x; x
0)Js(x0); (4.47)
with G(x; x0) the scalar eld Green function given by
+m2s + R+

2
'2 + '

G(x; x0) = (x; x0): (4.48)
We are only after the pole part of the one-loop eective action so that we can expand the
exponential term e
i
2
JsGJs in a Taylor series,
e
i
2
JsGJs = 1 +
i
2
JsGJs +    : (4.49)
The rst term in the expansion just gives rise to the second term of (2.3) that we have
already calculated. The second term gives rise to pole terms in the eective action that
are quadratic in the background Dirac eld. Higher order terms in the expansion are nite
in dimensional regularization so cannot contain pole terms. The one-loop eective action
in (4.46) can be expressed as
 (1) =  i
D
e
i
2
JsGJs
E
; (4.50)
where h   i means to evaluate using Wick's theorem keeping only terms that correspond to
one-particle irreducible Feynman diagrams. With our conventions we have the fundamental
correlation function
h q (x)  q (x0)i =  i(x; x0); (4.51)
with  and  spinor indices, and (x; x0) the Dirac Green's function dened by
(ir= M)(x; x0) =  I(x; x0): (4.52)
Comparison with (4.3) shows that when we set ' = 0 we have (x; x0) = S(x; x0).
It is now straightforward to show that if we ignore the terms in the eective action
that are independent of the background Dirac eld that we have calculated in the earlier
sections we have
PP

 (1)

= PP

1
2
hJsGJsi

(4.53)
=  iPP
Z
dvxdvx0G(x; x
0)  (x)(w + iw55)(x; x0)(w + iw55) (x0)

:
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If we use the local momentum space expansion for both G(x; x0) and (x; x0) it follows that
G(x; x0) (x; x0) =
Z
dnp
(2)n
eipy

Y (p;x0); (4.54)
where
Y (p;x0) =
Z
dnq
(2)n
G(p  q;x0)(q;x0): (4.55)
The pole terms in this expression will only involve terms that behave like q 4 when ex-
panded for large q. Even though G(p   q;x0) and (q;x0) have complicated expansions
in powers of curvature the leading order pole term can be seen to involve only the at
spacetime parts of the Green functions. The leading order terms that can give rise to a
pole are found to be
G(p  q;x0)(q;x0) =   q=
q4
+
q=Mq=
q6
  2pq
 q=
q6
+    : (4.56)
The rst term here is odd in q and so will integrate to zero. The leading behaviour is seen
to be q 4. (This is how it is easy to see that higher order terms in the expansion (4.49) will
not lead to any pole; the analogous integrands fall o faster than q 4 for large q.) Using
the basic integrals in (4.23) it can be seen that
PP
n
Y (p;x0)
o
=   i
322
(M
   2p)
=   i
162
[2(m0 + w')  2i(m5 + w5')5   p] : (4.57)
When used in (4.54), after returning from Riemann normal coordinates to general coordi-
nates, we have
PP
n
G(x; x0) (x; x0)
o
=   i
162
[2(m0 + w')  2i(m5 + w5')5 + ir=] (x; x0): (4.58)
After a bit of algebra we nd from (4.53) that
PP
n
 (1)
o
=   1
162
Z
dvx
n
i(w2 + w25)
 r= + 2(w2 + w25)'  (w + iw55) (4.59)
+ 2[(w2   w25)m0 + 2ww5m5]     2i[(w2   w25)m5   2ww5m0]  5 
o
:
When this result is combined with the results of the previous sections it will give us the
complete set of pole terms for the one-loop eective action. The evaluation of the necessary
counterterms will be given in the next section.
5 Renormalization counterterterms and renormalization group functions
5.1 Counterterms
In addition to the one-loop contributions to the eective action that we have found there
is also the contribution from the classical action (2.1) with (2.2). We set the elds equal to
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their bare background values 'B and  B. These elds can be expressed in terms of their
renormalized values ' and  by introducing eld renormalization factors and the unit of
mass . Following `t Hooft [50] the unit of mass is used to ensure that all renormalized
quantities have their dimensions xed at the values in four spacetime dimensions for any
value of the spacetime dimension n = 4 + . Similar considerations apply to all of the bare
coupling constants in (2.1) and (2.2). We will dene the necessary counterterms as follows:
'B = 
=2(1 + Z')'; (5.1a)
m2sB = m
2
s + m
2
s; (5.1b)
B =  + ; (5.1c)
B = 
 (+ ); (5.1d)
B = 
 =2( + ); (5.1e)
B = 
=2( + ); (5.1f)
B = 
=2( + ); (5.1g)
 B = 
=2(1 + Z ) ; (5.1h)
m0 B = m0 + m0; (5.1i)
m5 B = m5 + m5; (5.1j)
w0 B = 
 =2(w0 + w0); (5.1k)
w5 B = 
 =2(w5 + w5); (5.1l)
B = 
( + ); (5.1m)
B = 
(+ ); (5.1n)
iB = 
(i + i); i = 1; 2; 3: (5.1o)
All of the counterterms can be expanded in a series of poles and number of loops. It is
easy to see (using dnx =  d4x) that the counterterm part of the scalar action (2.2a) is
(where dvx = j det(g)j1=2 d4x)
Sctscalar =
Z
dvx

Z'@
'@' 

1
2
m2s +m
2
sZ'

'2  

1
2
 + Z'

R'2 (5.2)
 


4!
+

3!
Z'

'4  


3!
+

2
Z'

'3   ( + Z')'  ( + Z')R'

:
The counterterm part of the Dirac action in (2.2b) is
Sctspinor =
Z
dvx
h
2i Z  r=   (m0 + 2m0 Z )     i (m5 + 2m5 Z )  5 
  (w + w Z' + 2w Z )'     i (w5 + w5 Z' + 2w5 Z )'  5 
i
: (5.3)
The counterterm part of the gravitational action (2.2c) is
Sctgrav =
Z
dvx

 + R+ 1R
R + 2R
R + 3R
2

: (5.4)
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We require that the counterterms in (5.2){(5.4) cancel the poles that have been found
in the one-loop eective action given by combining (3.13) and (4.59). This xes
Z' =
1
82
 
w2 + w25

; (5.5a)
m2s =  
1
162

2 + (+ 4w2 + 4w25)m
2
s   8(3w2 + w25)m20
 32ww5m0m5   8(3w25 + w2)m25

; (5.5b)
 =   1
162
h
+ 4 (w2 + w25)
i 
   1
6

; (5.5c)
 =   1
162
h
32   48  w2 + w252 + 8  w2 + w25 i; (5.5d)
 =   1
162
h
3   48  w2 + w25 (wm0 + w5m5) + 6  w2 + w25 i; (5.5e)
 =   1
162

m2s   8
 
m20 +m
2
5

(wm0 + w5m5) + 2
 
w2 + w25



; (5.5f)
 =   1
162

   1
6

   2
3
(wm0 + w5m5) + 2
 
w2 + w25



; (5.5g)
Z =
1
322
 
w2 + w25

; (5.5h)
m0 =   1
162
 
3w2   w25

m0 + 4ww5m5

; (5.5i)
m5 =   1
162
 
3w25   w2

m5 + 4ww5m0

; (5.5j)
w =   5
162
w
 
w2 + w25

; (5.5k)
w5 =   5
162
w5
 
w2 + w25

; (5.5l)
 =
1
322
h
m4s   4
 
m20 +m
2
5
2i
; (5.5m)
 =
1
482

3

   1
6

m2s  m20  m25

; (5.5n)
1 =
1
6402
; (5.5o)
2 =
1
9602
; (5.5p)
3 =
1
322


   1
3

: (5.5q)
The results in (5.5) give the complete set of one-loop counterterms for the theory.
Unlike the case of simple '4 theory a scalar eld renormalization is necessary. It would
not be possible to calculate this by assuming a constant background scalar eld and its
neglect would lead to incorrect counterterms and renormalization group functions. Even
in cases where the cubic and linear terms are not present in the original scalar action the
presence of the Yukawa interaction necessitates adding in cubic and linear counterterms
to remove poles from the eective action as is evident from (5.5e){(5.5g). (This is also
apparent from the traditional Feynman diagram approach as the Yukawa interaction will
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lead to divergent one-point and three-point functions.) Another feature worth noting is
that nether the scalar eld mass nor the fermion masses are multiplicatively renormalized.
Finally we note that the quadratic non-minimal term  appears in the combination ( 1=6)
everywhere except in the last counterterm (5.5q). The reason for this exception is that the
fermion generates a pole in R2 that cannot involve .
5.2 Renormalization group functions
The renormalization group functions can be calculated from the counterterms in (5.5) as
described originally by `t Hooft [50]. We will follow the curved spacetime treatment in [6]
except that we will use the more conventional unit of mass  rather than the unit of length
used in [6].
If qiB represents any of the bare background elds or bare coupling constants then
we have
qiB = 
 qi (qi + qi): (5.6)
Here qi is just some number. See (5.1) for the explicit expressions for the theory in the
present paper. Because bare quantities cannot depend on the renormalization mass  it
follows that if we change the renormalization mass then the renormalized quantities must
change and it can be shown that

d
d
qi = qi : (5.7)
Here qi is the renormalization group function dened in terms of the coecient of the
simple pole in the counterterm. If we expand the counterterms as a series of poles,
qi =
1

qi 1 +
1
2
qi 2 +    ; (5.8)
then
qi = qi qi 1  
X
j
qj qj
@
@qj
qi 1: (5.9)
Application of (5.9) to each of the quantities in (5.5) leads to the following renormalization
group functions
m2s =
1
162

2 +
 
+ 4w2 + 4w25

m2s   8
 
3w2 + w25

m20   8
 
w2 + 3w25

m25
 32ww5m0m5] ; (5.10a)
 =
1
162
 
+ 4w2 + 4w25

   1
6

; (5.10b)
 =
1
162
h
32 + 8
 
w2 + w25

  48  w2 + w252i ; (5.10c)
 =
1
162

3 + 6
 
w2 + w25

   48  w2 + w25 (wm0 + w5m5) ; (5.10d)
 =
1
162

m2s   8
 
m20 +m
2
5

(wm0 + w5m5) + 2
 
w2 + w25



; (5.10e)
 =
1
162

   1
6

   2
3
(wm0 + w5m5) + 2
 
w2 + w25



; (5.10f)
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m0 =
1
162
 
3w2   w25

m0 + 4ww5m5

; (5.10g)
m5 =
1
162
 
3w25   w2

m5 + 4ww5m5

; (5.10h)
w =
5
162
w
 
w2 + w25

; (5.10i)
w5 =
5
162
w5
 
w2 + w25

; (5.10j)
 =
1
322
h
4
 
m20 +m
2
5
2  m4si ; (5.10k)
 =
1
482

m20 +m
2
5   3

   1
6

m2s

; (5.10l)
1 =  
1
6402
; (5.10m)
2 =  
1
9602
; (5.10n)
3 =  
1
322


   1
3

; (5.10o)
' =   1
82
 
w2 + w25

'; (5.10p)
 =   1
322
 
w2 + w25

 : (5.10q)
The results of (5.10d){(5.10f) show that we can only consistently set  =  =  = 0
in the case of massless fermions (m0 = m5 = 0). (5.10b) shows that the conformal value
 = 1=6 is a xed point to one-loop order, although this would not be expected to persist
beyond one-loop.
It is possible to solve the renormalization group equations for w;w5;  exactly. The
fact that the third term in (5.10c) is negative means that it is possible for  to approach
zero from its initial value. For this to happen the initial value of  must not be too large.
If this is not the case then  increases as it does in normal quartic scalar eld theory which
invalidates perturbation theory at some point. Even if it is possible for  to decrease to
zero this value is not a renormalization group xed point. We present a brief analysis of
the solution for the running value of  in the appendix A.
5.3 Eective potential
The seminal paper of Coleman and Weinberg [51] showed how the renormalization group
could be used to evaluate the eective potential in the case where there was no mass scale
present in the classical theory. It was demonstrated how an exact result could be found for
the eective potential in terms of the renormalization group functions. To one-loop order
the result agrees with a direct evaluation of the eective potential using other means. The
renormalization group was applied to the eective action in curved spacetime in [52] and
to the eective potential in [53] to discuss symmetry breaking in curved spacetime. The
situation is reviewed in [6] and we follow the general framework set out there except that
we will use the more conventional unit of mass rather than length. We will also content
ourselves with just the one-loop expressions rather than obtaining exact results in terms
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of the renormalization group functions and then expanding them to one-loop order. This
makes the calculation very simple and straightforward.
We will set all dimensional coupling constants in the classical theory to zero. Specif-
ically we take m2s =  =  =  = m0 = m5 = 0 in (2.2). The renormalization group
functions in (5.10) ensure that these dimensional parameters remain zero to one-loop order
at least. Based on the form of the classical action in (2.2) we will consider terms in the
renormalized eective action of the form
  =
Z
dvx

1
2
Z(')@'@'  V0(') RV1(')
+ 1(')R
R + 2(')R
R + 3(')R
2

; (5.11)
where Z('); V0('); V1('); i(') are to be determined. There will be other terms in the full
one-loop eective action that cannot be determined by renormalization group methods; the
expression in (5.11) can be viewed as the rst few terms in the expansion of the eective
action in powers of the curvature. The potentials Z('); V0('); V1('); i(') also depend on
the renormalization scale  as well as the coupling constants. Because there is no mass
scale in the theory apart from  and ', as Coleman and Weinberg [51] argued, these two
quantities must occur in the dimensionless combination '=. We adopt the Coleman and
Weinberg normalization conditions for Z(') and V0(')
Z(' = ) = 1; (5.12)
@4V0(')
@'4

'=
= ; (5.13)
along with analogous expressions for the curved spacetime terms
@2V1(')
@'2

'=
= ; (5.14)
i(' = ) = i; for i = 1; 2; 3: (5.15)
The form of the renormalization group equations requires the '= dependence to be in the
form of ln('2=2). We will therefore take
Z(') = 1 +A ln
 
'2=2

; (5.16a)
V0(') =

4!
'4 +B '4

ln('2=2)  25
6

; (5.16b)
V1(') =
1
2
 '2 + C '2[ln('2=2)  3]; (5.16c)
i(') = i +Di ln
 
'2=2

: (5.16d)
Here A;B;C and Di depend only on the coupling constants ; ; w;w5 and are to be de-
termined.
When we change the renormalization scale from  to 0 the terms in the eective
action (5.11) cannot change. The eld ' as well as the coupling constants will all change in
{ 19 {
J
H
E
P
0
5
(
2
0
1
8
)
1
3
9
accordance with their renormalization group equations the general form of which is (5.7).
To one-loop order we have (with q0i = qi(
0))
'0 =

1 + ~' ln(
0=)

'; (5.17a)
0 = +  ln(0=); (5.17b)
0 = +  ln(0=); (5.17c)
0i = i + i ln(
0=); (5.17d)
where the one-loop expressions for the renormalization group functions was given by (5.10)
and we have dened ' = ~'' to explicitly remove the ' dependence in the following.
Requiring invariance of the derivative term in (5.11) under the change ! 0 results in
A = ~'
=   1
82
 
w2 + w25

; (5.18)
when we use (5.16a) along with (5.17a) and (5.10p) and work consistently to one-loop order.
Invariance of the term in V0 in (5.11) under the change ! 0 results in
B =
1
48
 +

12
~'
=
1
2562
[ 32   16 (w2 + w25)2]; (5.19)
when we use (5.16b) along with (5.17a), (5.17b), (5.10p) and (5.10c).
Invariance of the term in V1 in (5.11) under the change ! 0 results in
C =
1
4
 +
1
2
 ~'
=
1
1922

3
 
   1=6  2 (w2 + w25) ; (5.20)
when we use (5.16c) along with (5.17a), (5.17c), (5.10p) and (5.10b). It can be noted that
this coecient does not vanish even if  takes the one-loop xed point conformal value
of 1=6.
Invariance of the quadratic curvature terms in (5.11) under the change ! 0 results
in Di =
1
2i using (5.16d) and (5.17d). The explicit results for i(') dened by (5.17d) are
1(') = 1   1
12802
ln('2=2); (5.21)
2(') = 2   1
19202
ln('2=2); (5.22)
3(') = 1   1
642
(   1=3) ln('2=2); (5.23)
using (5.10m){(5.10o).
This completes the evaluation of the terms in the one-loop eective action (5.11) that
can be determined by renormalization group considerations. It is worth pointing out that
the inclusion of the proper eld renormalization is crucial for obtaining the correct eective
potential and the eld renormalization cannot be found by expanding about a constant
background eld.
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6 Field redenitions and an anomaly
As we mentioned in section 2 it is possible to perform a chiral transformation on the spinor
eld in (2.2b) to remove the pseudoscalar mass term in m5 from the classical action and
leave only the usual mass term in m0. Let (leaving o the subscript `B')
	(x) = e i5 	0(x) (6.1)
for constant . Then
	(x) = 	0(x) e i5 ; (6.2)
and we have
	(x)(m0 + im55)	(x) = 	
0(x)(m00 + im
0
55)	
0(x); (6.3)
where
m00 = m0 cos(2) +m5 sin(2); (6.4a)
m05 = m5 cos(2) m0 sin(2): (6.4b)
If we choose
sin(2) =
m5
(m20 +m
2
5)
1=2
; (6.5a)
cos(2) =
m0
(m20 +m
2
5)
1=2
; (6.5b)
then from (6.4) we have
m00 = (m
2
0 +m
2
5)
1=2; (6.6a)
m05 = 0: (6.6b)
This leaves only the normal mass term present in the spinor part of the action. (We
could equally well choose  so that m00 = 0 and retain just the pseudoscalar mass term if
we choose.)
The Yukawa coupling term will also change under the transformation in (6.1) and (6.2).
We will end up with the fermion part of the action in (2.2b) becoming (again dropping the
subscript `B')
S0spinor =
Z
dvx
h
	0(ir  m00)	   	(w0 + iw055)	0
i
; (6.7)
where
w0 =
wm0 + w5m5
(m20 +m
2
5)
1=2
; (6.8a)
w05 =
w5m0   wm5
(m20 +m
2
5)
1=2
: (6.8b)
Although the classical theories based on (2.2b) and (6.7) should be identical, it is not
obvious that this will also be true for the quantum theories. The equivalence under the
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chiral transformation (6.1) may not hold at the quantum level. An almost identical situa-
tion holds for the axial vector current with the dierence being that  is not assumed to
be constant.
In order to study the quantum equivalence of the theories based on (2.2b) and (6.7)
we will study the behaviour of the functional measure based in the pioneering work of
Fujikawa [54{56]. Our notation and approach follows that in [6, section 5.9]. We will only
consider the spinor part of the eective action here as the Bose part is not aected by the
chiral transformation (6.1). If we call the eective action based on (2.2b)   and that based
on (6.7)  0 then the change of variables in (6.1) and (6.2) results in the formal change in
the functional measure being
[d	d	] = (det CNN 0)
 2 [d	0d	0]; (6.9)
where the inverse Jacobian arises from the nature of the Grassmann variables. The result
for CNN 0 is
CNN 0 = 
Z
dvx  N (x) e
i5  N 0(x); (6.10)
where f N (x)g is a complete orthonormal set of solutions to
D N (x) = N N (x); (6.11)
and  is an arbitrary unit of mass which keeps CNN 0 dimensionless. In (6.11) D is the
Dirac operator that is found from (2.2b) and was given in (2.3), or else that which is found
from (6.7). We will show that it does not matter which one is chosen. The relationship
between   and  0 is then
 0 =   + 2i ln det CNN 0 : (6.12)
The result in (6.10) is the same as that found in the analysis of the chiral anomaly
except that  here is constant and is xed by (6.5). In the evaluation of the chiral anomaly
 is taken to be innitesimal, but we cannot do that here. However because  is constant
it is possible to evaluate (6.10) exactly. Using the orthonormality conditionZ
dvx  N (x) N 0(x) = 
 1NN 0 ; (6.13)
it can be shown that (6.10) becomes
CNN 0 = cos  NN 0 + i sin 
Z
dvx  N (x)5 N 0(x): (6.14)
The integral in (6.14) is identical to the one appearing in the Fujikawa evaluation of the
chiral anomaly. If we use
ln det CNN 0 = tr ln CNN 0 ; (6.15)
by expanding the logarithm and making use of the completeness relationX
N
 N(x)  N(x
0) =  1(x; x0); (6.16)
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where  and  denote spinor indices, it can be shown that
ln det CNN 0 = i   J; (6.17)
where
J =
X
N
Z
dvx  N (x)5 N (x): (6.18)
It is worth emphasizing that this does not assume that  is innitesimal. The term given by
J in (6.18) is exactly the same expression as occurs in the analysis of the chiral anomaly.
It can be evaluated in a number of ways. If we use the heat kernel method as in [6,
section 5.9] then
J = i 1(4) 2
Z
dvxtr[5E2(x)]; (6.19)
where E2(x) is the heat kernel coecient for the Dirac operator chosen in (6.11). The
necessary expression for E2 was given in (3.2) and (3.3) with W and Q given in (3.11)
and (3.12). Because of the presence of the 5 in (6.19) and the trace that occurs it can be
shown using the same procedure as in [6, section 5.9] that
ln det CNN 0 =
i 
7682
Z
dvx 
RR

 : (6.20)
This result holds regardless of what is chosen for M0 and M5 in (3.11) and (3.12) and
proves that it does not matter whether we choose the Dirac operator from (2.2b) or that
from (6.7). The net relation between  0 and   that follows from (6.12) is
 0 =    1
7682
tan 1

m5
m0
Z
dvx 
RR

 : (6.21)
The conclusion from (6.21) is that although there is an anomaly in the transformation
necessary to remove the pseudoscalar mass term from the theory it is nite (no pole) and
cannot aect the pole part of the one-loop eective action. This means that if the aim is
to evaluate the renormalization group functions there is no loss of generality in taking only
the normal scalar mass term for the spinor eld. This conclusion can be veried directly
from our results for the one-loop counterterms found in (5.5). If we use the form of the
action given in (6.7) we clearly get the results found from (5.5) by replacing (m0;m5; w; w5)
with (m00; 0; w0; w05). Making use of (6.6a) and (6.8) shows that the counterterms resulting
from this replacement agree precisely with those found in (5.5).
It is also worth mentioning that instead of transforming away the pseudoscalar mass
term in m5 we could choose to transform away the pseudoscalar Yukawa coupling or else
the scalar Yukawa coupling if we like. This follows by a suitable choice of  in (6.1) that
will involve w and w5 in place of m0 and m5. If this is done then it is necessary to consider
both the scalar and pseudoscalar mass terms. The counterterms will still be invariant and
there will be an anomaly of the same form as in (6.21) but where the tan 1 involves w
and w5. Clearly from (6.21) there is no anomaly in at spacetime and the presence of a
pseudoscalar mass term can be ignored there. This will not be true however in the presence
of a background gauge eld even in at spacetime.
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7 Conclusions
We have obtained the complete one-loop renormalization group functions for the general
Yukawa model dened in section 2. The eective action has been obtained up to order
R2, including terms with two derivatives of the background scalar eld, and we have dis-
cussed the possible neglect of parity violating terms in some cases. We have also analyzed
how the  5 term can be transformed away at the expense of a gravitational anomaly.
(The anomaly is not present in at spacetime which probably explains why it is not usu-
ally considered.)
There are several extensions that could be considered. The scalar and pseudoscalar
elds could be included as independent along with their associated Yukawa couplings. The
elds, both scalar and spinor, could be taken to be multi-component. The local momentum
space method could be used for the full eective action with general background elds and
not just the interacting part as was done here. It would be possible to evaluate the renor-
malization group improved terms in the eective action as was done in at spacetime [51]
and for the Yukawa model in curved spacetime [12]. The renormalization group improved
eective potential in curved spacetime has been given recently [19]. There would be no
essential impediment to proceeding to two-loop order using the local momentum space
method. Finally, the inclusion of a gauge eld has been performed recently [57] and the
results of this will be given elsewhere.
A Running value of 
Here we outline the exact solution for the running value of the quartic coupling constant
 whose renormalization group function was given in (5.10c). If we dene
W = w2 + w25; (A.1)
then from (5.10i) and (5.10j) we have

d
d
W =
5
82
W 2: (A.2)
The solution to this is simply
W () =
W0
1  5W0
82
ln(=0)
; (A.3)
where W0 = W ( = 0). This shows that W () is an increasing function with a Landau
pole when  is such that the denominator is set to zero.
From (5.10c) we nd

d
d
() =
3
162
2() +
1
22
W ()()  3
2
W 2(): (A.4)
The solution in (A.3) can be substituted for W (). This nonlinear equation can be turned
into a linear second order dierential equation by making the transformation
() =  16
2
3

d
d
ln(F ()): (A.5)
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The equation satised by F () is

d
d
2
F ()  1
22
W ()
d
d
F ()  9
164
W 2()F () = 0: (A.6)
The presence of W () in (A.6) along with (A.2) shows that there exists a solution of the
form F = W p for some power p. If this is to solve (A.6) then we require p = p where
p =   1
10

p
145
10
: (A.7)
The solution for () is easily found to be
() =  10
3
W ()
264p (30 + 10p+W0)  p+(30 + 10p W0)

W ()
W0
p+ p 
30 + 10p+W0   (30 + 10p W0)

W ()
W0
p+ p 
375 ; (A.8)
where we have dened 0 = ( = 0) and W0 = W ( = 0).
The asymptotic behaviour of () depends on the relationship of 0 and W0.
From (A.8) it can be shown that if
0 <
1
3
(1 +
p
145)W0; (A.9)
then at some value  = z we have ( = z) = 0. The value of z is given by
ln(z=0) =
82
5W0
(
1 

p 
p+

30 + 10p+W0
30 + 10p W0
  1
p+ p 
)
: (A.10)
This value of z occurs before the Landau pole in (A.3) is reached. It is obvious from (A.4)
that when  reaches 0 at  = z the derivative of  is negative and so  decreases to
unphysical negative values for  > z.  = 0 is not a xed point.
In the case where (A.9) is not satised () is an increasing function of  much as it
is in the case of the real scalar eld with just a quartic self-interaction.
It is possible to nd the solutions for the other running coupling constants, like ()
for example, but we will not pursue this here. Details of this and application to the
renormalization group improved eective potential will be given elsewhere.
Open Access. This article is distributed under the terms of the Creative Commons
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